
= pressure, dynes/sq.cm. 
= radial distance, cm., or reduced radial distance 

= reduced radial distance 
= radius of smaller or downstream tube, diameters 
= radius of larger or upstream tube, diameters 
= z-component velocity, uJU0 
= area average axial velocity in tube (with one or 

two exceptions, the downstream tube), cm./sec. 
= velocity, cm./sec. 
= r-component velocity, cJU0  
= axial distance, cm., or reduced axial distance ( z /  

= reduced axial distance 
= entrance length, diameters 

( r / R )  

D )  

G r e e k  Letters 

eter 
= ratio of large-tube diameter to small-tube diam- 

5 = transformed axial coordinate 
p = density, g./cu.cm. 
+ = stream function 

Subscripts 

r = radial direction 
z = axial direction 
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Stability of Time-Delay Systems 
J. G. LANDIS and D. D. PERLMUTTER 

School of C h e m i c a l  Engineering 
University of Pennsylvania, Philadelphia,  Pennsylvania 19104 

A direct method i s  presented for determining both local and regional stability of systems 
described by nonlinear differential-difference equations. Prediction of stability is with respect 
to a general class of initial curves. The practical as wel l  as the conservative nature of the pro- 
cedure i s  demonstrated by a numerical example. 

The dynamics of many physical systems may be repre- 
sented by differential-difference equations of the form 

f[O, 01 = 0 

where x, x( t - 0)  and f are vectors of dimension 11 and the 
8 are the values of m time delays. In chemical engineering 
systems, this form can arise, for example, when the dy- 
namics of the units of a process are represented by differ- 
ential equations, but the total process includes transport 
lags between the units. I t  occurs also when a unit is being 
controlled via a time-delayed feedback. Such systems can 

Correspondence concerning this paper should be addressed to U. 1). 
Perlmutter. J. G .  Landis is with Air Products and Chemicals Company, 
Allentown, Pennsylvania. 

have multiple time delays, nonlinearities, and more than 
one equilibrium state. 

The state of a system described by Equation (1) de- 
pends on the value of x ( t  - 0 )  , the state variables at some 
previous times; that is to say, the state will have a continu- 
ous dependence on the past history of the system. The 
solution of Equation (1) is uniquely defined only when 
initial (past history) curves are specified. In this system 
initial curves for Equation (1) are analogous to initial con- 
ditions in the study of differential equations. Such curves 
may be defined by 

x ( t )  = x’(t), ( to  - e)  6 t 6 to ( 2 )  

( 3 )  

or equivalently 

x(t - e)  = x’(t), to 4 t ( to + e)  
where to represents an initial time, from which equation 
(1) is to represent the dynamics of the system. 
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Except for some very special cases, analytic solutions of 
Equation ( 1 ) are not available, a circumstance that makes 
any direct assessment of stability an especially attractive 
alternative. To this end Seborg mid Johnson ( 1 )  have 
studied the stability of nonlinear systems containing time 
delays by making use of Liapunov functions. After express- 
ing the time derivative of the Liapunov function as explic- 
itly dependent on the x(t )  and (dx/dt), these authors 
established sufficient sign-definite conditions in terms of 
the maximum values of the (dx/dt), The stability results 
to be presented in this paper were also obtained via a 
Liapunov-function argument; the search for maximum val- 
ues of the (dx/dt) is however avoided by making use of 
the theorems developed by Razumikhin ( 2  to 4 ) .  By cou- 
pling this method with techniques for determining an al- 
lowable set of initial curves, widely applicable algorithms 
are developed for examining both local and regional sta- 
bility. 

STABILITY CRITERIA 

Razumikhin postulated a set of stability conditions which 
rely on bounding the magnitude of x(  t - 6) by a function 
composed only of the components of x ( t )  . This allows the 
stability analysis of the system to be performed, even 
though the exact relationship between x(t) and x ( t  - 6)  
is not determined. 

Consider a system obeying the dynamics of Equation 
( 1 ) , and an associated Liapunov function v[ x ( t  ) 1 ,  having 
as time derivative the functional du/dt = u = W[x(t),  
x ( t  - 6)] .  Let y( t )  be the set of continuous curves over 
which W [ x (  t )  , x ( t  - 6 )  ] is defined. The asymptotic 
stability of such a system can be assured if all the curves 
contained within the [y( t ) ]  are bounded and approach 
the equilibrium point as t + w .  Razumikhin’s theorems 
provide the criteria for this restriction by exploiting the 
fact that all possible system behavior must fall into one 
of three categories. Either 

u[y(u)l  > uCy( t ) l ,  f l <  t 

V C Y ( ~ ) l  ‘uCy(t)l ,  fl < t 

( 4 )  

( 5 )  

for all time and all y ( t )  ; or 

for all time; or lastly, the functions [y ( t ) ]  could at differ- 
ent times satisfy either inequality ( 4 )  or ( 5 ) .  Formal proof 
and details may be found in (1, 2 ) .  In essence, two ap- 
proaches are suggested as means for determining stability. 

To determine stability via the first approach, prediction 
of stability is with respect to the- general function [y( v)] 
and is independent of the magnitude of the delay. Less 
stringent stability conditions are obtained by the second 
method in which the set of curves [y(t)]  is restricted to 
only solutions of Equation ( 1 ) .  For such a purpose, let 
Sj, and Sj, be bounds on the magnitude of the derivatives 
of Equation (l), that is, 

Sji(c) 1 max { f j C y ( t ) ,  y ( t  - e)i) 
l lY l l  < c 

j =  1,2, . . . ,  n (6) 
Si2(c) = min { f j [ y ( t ) ,  y ( t  - Q)I) (7)  

IlYlI < c 
on the set of continuous curves satisfying the conditions 

~ [ y ( u ) ]  ‘u[y(t)] = C, ( t  - 6,) 4 a L t  (8) 
It then follows from Equation ( 1 )  that 

- tzlSj2 L / x j ( t l )  - xj(t2) 16 Sj~ltl - t21; 

i = 1,. . . , n ;  ( t  - em) A t 1 I t ;  ( t  - Om) L t 2 L t .  (9) 
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The Razumikhin second method involves delays explic- 
itly and offers the possibility of estimating their influence 
on stability by means of the theorem: 

If, for the set of Equation ( l ) ,  there exists a finite posi- 
tive-definite function c[x(t)] and a positive number c such 
that the derivative of the function u determines the func- 
tional d = W[x(t), x ( t  - 6)]  through Equation ( 1 )  
\\,here this functional is negative-definite along every curve 
satisfying Equation (8) for t 1 t o  and Equation (9) for 
( t  - &) 4 tl f t 1 to, ( t  - 6,) t 2 fo, then the 
steady state is asymptotically stable. 

tz 

INITIAL CURVES 

The solution of Equation (1) is continuously dependent 
upon the initial curves, a property reflected in the stability 
criteria as presented in the theorem. As a consequence, 
m y  result will be with respect to a set of initial curves. It 
is desirable not to place any restrictions on the initial curves 
other than that of being contained within a given region, 
but some means will be needed for determining the con- 
straint region: 

I l x ( t o  - em) 1 1  A B ( C ,  T )  ; T > ( to  + em) (10) 

such that the validity of u[x(t)]  4 c in the same interval 
( t o ,  T )  insures asymptotic stability by the conditions of 
the theorem. 

In their studies of the stability of differential equations 
Weiss and Infante ( 5 )  discuss methods of relating positive- 
definite functions over finite times. Following their ap- 
proach let uo be a positive number such that 

u[x(to)l 0 0  = @(c, T )  ( 1 1 )  

and let A be defined as 

It  has been shown (7) that uo can be an upper bound for 
a positive definite function 

(13) 

where A, is defined as the maximum value of A ( t )  for all 
x(t )  contained in the hyperspace between the contours 
u = uo and u = c and for all x ( t  - 0) contained within 
the union or sum of the regions enclosed by uo and C: 

u[x(to + em)] exp (-x,6,) 4 6 0  

If in the stability analysis a region is determined such that 

u[x(to + em) 1 4 c 
then equation (13) can be used to determine the positive 
number uo and hence the contour boundary u[x(to)] 6 00 

for the initial curves. 

EXAMPLE 
Luyben (6)  developed a mathematical model for the 

autorefrigerated reactor in which heat generated by an 
exothermic reaction is removed by an endothermic change 
in the state of the solvent. The reactor system consists of a 
continuous-flow stirred-tank reactor (CSTR) in which an 
irreversible first-order reaction is occurring. A solvent is 
cycled through a refrigeration system where the latent 

The term undisturbed motion is cotnmon in the Russian literature. 
For the purposes of this paper, it is essentially the same as steady Hate, 
though it can have broader connotation in other problems. 
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heat of vaporization is removed. It is assumed that the 
liquid which is returned is not subcooled. The mass and 
energy balances for the reactor are 

(15) 
dC 
dt 

V- = q(C0 - C )  - VR 

$T 
dt 

VC, - = qC,( To - T )  + M V R  - AH,q, (16) 
where 

The latent heat of vaporization is assumed to be a para- 
bolic function of temperature 

R ( C ,  T )  = koC exp ( - Q / T )  (17) 

AH,' [ 1 - ( T/T , )  ] '", T < T, 
0 

mu={ , T A T ,  (18) 

The reactor is to be controlled by measuring the reactor 
temperature and regulating the vapor stream flow rate by 
means of simple proportional control. 

A A 

qc - q R  = q = K p  ( T  - T R )  = K,T (19) 

Equation (19) implies that a temperature disturbance in 
the reactor can be instantaneously transmitted to a change 
in flow rate. In a real system, a finite time is required to 
transfer such information. If the temperature perturbation 
vanes slowly in comparison to the response of the con- 
troller, the dynamics of the control loop can be approxi- 
mated by pure delay (7)  and 

A A 

q (s) = Kp exp (-so) T (s) 

9c  - 9 R  = Kp[T( t  - 0) - T R ]  

(20) 

(21) 

In the time domain, Equation (20) is expressed as 

By replacing Equation (19) with Equation (21) in the 
representation of the autorefrigerated reactor, the dynamics 
for the controller have been included in the form of a 
single parameter 0. 

The three steady states for the system are given in (6)  
for the values of the parameters chosen by Luyben. The 
values of the first and third steady states are independent 
of controller gain; however, the stability of the first is de- 
pendent upon the magnitude of the controller gain, as well 
as on 0, the time delay associated with the controller dy- 
namics. 

LOCAL STABILITY 

The equations for the reactor system can be written in 
dimensionless form by defining reduced deviation vari- 
ables in the usual way (7) to obtain 

By linearization about the steady state 
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The symmetric quadratic Liapunov function 

has the derivative 
v = XTPX (26) 

v = XTPX + XTPX = 2PPx 

The latter becomes by substitution of Equations (24) and 
( 2 5 )  
d = xT(PA + ATP)x + XTPAIX(t - 0) 

f xT(t - O)AITPx ( 2 7 )  
where 

0 0 '  
A = [ ' "  Ill] ; . I = [  0 a23 1 

It is convenient to replace the x variables in Equation (27) 
according to the linear transformation: 

c a21 

x = c u  (28) 
where C is such that the u function is a circle in the space 
of u. Razumikhin has demonstrated how his theorem can 
be used to obtain an upper bound on u as an explicit func- 
tion of 8 and y. Applying the procedure and choosing the 
elements P and C to be: 

-a21/(112 0 '  (-a1z/u21)'/2 0 1 
P = [  1 J  ; c = [  0 11  

results in the following inequality 

U Vl = U ~ B U  (29) 

where 

bll = 2a11 + 20la231 [ ( -a21a12) + la221 + [a2311 

b22 = 2(%2 + c123) + 20~a23~[(-a21a12)'/~ +[u22l+la2311 

b12 = bzl = 0 

Since B is diagonal, asymptotic stability is guaranteed if 

bii < 0, bz2 < 0 (30) 

The curve labeled sepatrix for Liapunov analysis in Fig- 
ure 1 corresponds to a locus of ( K p ,  8) values which satisfy 

01  0 01 003 005 007 

8 , h r  

Fig. 1. Parametric study of the effect of 
gain and controller dynamics on the stability 

of a controlled autorefrigerated reactor. 
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/ i l l  = b,, = 0. Combinations of ( K y ,  8) to the left of this 
curve .therefore satisfy the inequalities in Equation (39) 
and correspond to operating conditions for which the sys- 
tem is asymptotically stable. 

To assess the conservatism of the Liapunov approach to 
this problem, ;I second independent stability analysis was 
performed by using tlie classical Nyquist criterion. The 
rcsiilts of thc analysis are also illustrated in Figure 1. Since 
the Syquist analysis is based on both sufficient and neces- 
sary conditions for stability, the resulting sepatrix corre- 
sponds to a locus of marginnlly stable systems. As thc size 
of 0 increases, the choice of K ,  is restricted until for 0 
0.1 lir. the system can 110 longer be operated at this equi- 
lihrium poilit. Evidently the controller dynamics can have 
considerable influence on the controller gain, even when 
the controller dynamics are fast in comparison with the 
rcnctor time coilstants. Since the Liapunov method is 
I)ased on sufficient h i t  not necessary conditions for stability, 
tlie distance between the loci is to be expected. Note, how- 
ever, tliat over the range of typical well-designed control, 
(8 from say 0.003 to 0.008 hr.) the Liapunov method cor- 
rcctly and precisely predicts a wide range of controller gain 
\vhich \\~ould result in  a stable operation. 

TVhen evaluating two methods for predicting stability, 
one point for comparison is the relative effort necessary to 
apply the mcthods. In this case, the Liapunov method is 
cwier to xpply 1)ecause the calculation of b,, and b,, can 
be nccomplished with the aid of a desk calculator while 
the Nyquist analysis required more extensive computer cal- 
culations. 

REGIONS OF STABILITY 

In order to study the stability of a system when it is 
mbject to finite disturbances, the original nonlinear equa- 
tions must be analyzed. The formulation of the problem is 
siinilar to the Liapunov method developed for the linear 
;unalvsis exce'pt that the functional v mill no longer be a 
sim15Ic quadratic form. 

For the sake of clarity, let the right-hand sides of Equa- 
tions (25) and (26) be expressed as 

x = f[x, x ( t  - e ) ]  
The same Liapunov function as in Equation (26)  will here 
produce thc time deriv a t' ive 

0 = xTPf[x, x( t  - 8 ) ]  + fTPX (31) 
The coefficient matrix P and the transformation matrix C 
n 4 1  he the same as was used in the linear analysis. By 
again substituting for x Equation (31) becomes 

0 = UTCTpf[U, u ( t  - 8) ]  + fTPCu (32) 

There exists one delay variable r2 ( t  - 8) in Equations 
(22) and (23 ) .  For the C chosen 

u2(t  - 8) = x z ( t  - e)  
and the mean \.:due theorem for uz ( t  - 8 )  gives 

~ , ( t  - e )  = U p ( t )  - ( t  - 8) . L ~ . L ~  ( 3 3 )  

The mean value theorem can be used to eliminate the 
delay variables from Equation (32) 

0 = uTCTPf[u, 8, &(r)] + fTPCu (34) 

S L  i(, (l7) .L s, (35) 

To obtain the upper and lower bounds 

Equations (6) and ( 7 )  are used with appropriate sign 

choices to assure that 
sj, 62 s, (36) 

sj, SL (37)  
\\.here Sil and Si2 are explicit functions of the 11 ( t )  . Sub- 
stitution in Equation (34) then yields 

D :g 61 zz uTC"Pf[u(t), 8, S L ,  S,] 

+ f [u ( t ) ,  e, s,, S ~ I ~ P C U  (38) 

Equation (38) has Ol a s  a function (not a functional) 
a ~ i d  may be studied by the established techniques for de- 
termining a region in which u1 < 0, however a region 
containing permissible initial curves must also be obtained. 
Ai l  upper bound on A,,, is determined by replacing 0 by Ol 
in Equation (14) : 

A,,, Max I 61[u(t)l ] 
(39) llull 1 u[u( t ) l  

From Equation (13) 

uo'u[u(t)l exp ( - O h 4  (40) 
I I I  the event that it is not possible to find a region u 6 c 

everywhere within which u1 in Equation (38) is negative, 
the problem can be circumvented by determining contrac- 
tive stability instead of asymptotic stability. Whereas as- 
1,mptotic stability requires that the solution trajectories are 
iiounded and approach the equilibrium state, contractive 
stability requires only that the trajectories are eventually 
confined to a region //x// < p1 containing the equilibruim 
state. By choosing this region to contain all points in which 
C l  is not negative, contractive stability is established for the 
system. Because no information about the dynamics within 

is obtained in determining contractive stability, the 
specifications of the size of p1 is an important parameter 
which must be chosen so that the results of the analysis 
have practical engineering significance. 

To obtain a region of contractive stability for the reactor 
system, search procedures were used to determine Am and 
&. The maximum value of u l  is 

= Max [ U I ]  (41) 
P1 llull I c  

for chosen values of c and pi. For this example pi was 
chosen so that the maximum temperature and concentra- 
tion deviation from the equilibrium state contained within 
p1 would be 2°F. and 0.02 lb./lb. A grid search was used 
to determine the sign of om. Once a region of contractive 
stability was obtained, the search for Am was initiated. 

Results of a regional stability analysis are shown in Fig- 
ures 2 and 3. In Figure 2 the region enclosed by the con- 
tour u = 1.226 x 10-2 is a region of contractive stability 
when the initial curves are contained within the contour 
00 = 0.078 x 10-2; that is, solutions of Equations (22) 
and ( 2 3 ) ,  following any initial disturbances of concentra- 
tion and temperature within the contour 00, are bounded 
by the contour v and will degenerate to the region con- 
tained within the contour PI.  The remaining curve on this 
figure is the marginal stability sepatrix obtained by Luyben 
for the reactor system without the controller time lag. A 
comparison of these results must recognize that the Luyben 
stability analysis without time delay was based on sufficient 
and necessary conditions. The reduction of size of the 
region of stability could therefore be the effect of either 
time delay or the stability method or both. 

A more realistic analysis of the effect of 0 on the size of 
the region of stability can be obtained by comparing re- 
gions determined by applying the same stability criteria 
for different values of 8, for a specified region of contrac- 
tive stability. Figure 3 shows that stability sepatrices can 
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be found in the (K , ,  13) plane corresponding to particular 
regions of contractive stability. The region in the plane 
above and to the left of these sepatrices represents com- 
binations of ( K , ,  e) for which stability is insured. As the 
size of the region of stability in state space is increased, 
the area in parameter space enclosed by the corresponding 
sepatrix is decreased. For a fixed controller tuning K,, the 
size of the region of contractive stability is decreased as 
the time lag 19 is increased. Comparison of Figures 1 and 3 
shows that the effect of the (K,, 0) parameters on regional 
stability is similar to that obtained in the local stability 
analysis. As expected, the sepatrices of the regional stability 
analysis are to the left of both local stability sepatrices, 
since the regional stability predictions are more conserva- 
tive. 

. 4 r \  ,v = I. 226XlO- '  

0.0 
I20 140 I60 180 200 

TEMPERATURE, O F  

Fig. 2. Regions of stability for autorefrigerated reactor, K ,  = 100 
2.; 

Ib./hr. O f . ,  e = 0.004 hr. 

v.o.10 

v =0.25X10-' 

"0 ,002 ,004 ,006 .008 0.01 

0 ,  hr. 

Fig. 3. Parametric study of the effect of gain and controller dy- 
namics on the regional stability of a n  autorefrigerated reactor. 
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NOTATION 

C 
C = reactant concentration 
C, = specific heat 

= a transform matrix for Liapunov function 

dl = AHoO/VAHCo 
dz = K,AHCo/C, 
AH = heat of reaction 
AH, = latent heat of vaporization 
ko = frequency factor 
K ,  = proportional gain of the controller 
P = quadratic coefficient matrix for Liapunov function 
Q = activation energy/gas constant 
9 = mass flow rate 
R = reactionrate 
r 

Sjl, Su = upper bounds 
Sjz,  SL = lower bounds 
T 
t = time 
to 
u = transform variable 
V = reactor volume 
v = Liapunov function 
Ul = upper bound on time derivative of v 
x = general state vector of dimension n 
x' = value of state vector in time interval ( t o  - 8 )  

x1 = deviation of dimensionless concentration, (y  - y,) 
x2 = deviation of dimensionless temperature, ( r )  - r)s) 
y = curves in x state vector space, or C/Co 
r) = (C,/AHCo)T 
h = ratio of the Liapunov function to its derivative 
A,,, = maximum value of A in some space of x 
B = time delay vector 
em = maximum value of time delays 
all = -9/V-koexp(-Q/(Ts+460))  
u12 = -keys aHCoQ exp ( - Q/ (T, + 460) ) /C, 
azl = koexp (-Q/(Ts + 460)) 
aZ2 = -9/V - a12 + d lC ,q~( l  - r)s/r)c)1/2/2r)c 
a23 = - hHv0Kp ( 1 - vS/?lc) 1/2/VC, 

= deviation of reaction rate from the steady state 
value, ( R  - R,) 

= temperature, or specified time 

= initial time from which Equation (1) applies 

t t o  

Subscripts-Superscripts 

0 = reactor inlet conditions 
R 
s = equilibrium state 
z = contained within 

= total time derivative 
A = deviation from reference point 
c = critical temperature 

= control or reference setting 
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